Kinematic bending of piles in inhomogeneous soil is explored in static and dynamic regime. The system under consideration consists of a fixed-head pile embedded in a continuously inhomogeneous viscoelastic soil layer resting on a rigid base. A generalized parabolic function is employed to describe the variable shear modulus in the inhomogeneous stratum. The problem is treated numerically by means of rigorous elastodynamic finiteelement analyses. A design formula for kinematic pile-head moments is derived both for static and dynamic loading by employing a characteristic pile wavenumber. A new normalization scheme for dynamic pile bending is proposed by means of a single dimensionless frequency parameter governing kinematic pile-head moments. A numerical example is also provided.
Introduction
Piled foundations may be subjected to large curvatures during earthquakes due to deformations developing in the surrounding soil, even in absence of forces applied at the top. This interaction mechanism is known as "kinematic interaction". Evidence on kinematically-stressed piles has been identified in post-earthquake observations (Tazoh et al. 1984 , Mizuno 1987 in soils that have not experienced large movements such as those induced by liquefaction. The above field data has revealed the possibility of damage close to the pile head or near interfaces separating soil layers with sharply different stiffness. Pile-soil kinematic interaction has been the subject of systematic research (e.g. Kavvadas and Gazetas 1993 , Mylonakis 2001 , Nikolaou et al. 2001 , Di Laora et al. 2012 providing simplified solutions for kinematic pile moments at the interface between two consecutive layers with sharply differing stiffness. However, pile-head kinematic moments may be equally important for soils with small stiffness near surface where kinematic forces tend to dominate over inertial ones, especially for large-diameter piles (Di Laora and Mandolini 2011). Kinematic bending moments at the pile-head are explored in this paper referring to a long pile embedded in a continuously inhomogeneous layer over a rigid base. The variation of soil stiffness with depth is described by a generalized parabolic function accounting both for zero and finite shear modulus at the surface. The scope of the study is: (a) to elucidate the role of key dimensionless parameters of the problem; (b) to propose a new formulation for the active length of piles in continuously inhomogeneous soils; (c) to introduce the notion of an effective soil curvature being equal to pile-head kinematic curvature both in static and dynamic regime and (d) to implement a unique dimensionless frequency governing dynamic pile-head kinematic bending. 
Problem statement
The system under consideration consists of a fixed-head pile embedded in a continuously inhomogeneous viscoelastic soil layer on a rigid base (Fig. 1) . The pile is modelled as a linearly elastic cylindrical solid beam of diameter d, length L, elastic modulus E p and mass density ρ p . Soil mass density, ρ s , Poisson's ratio, v s, and hysteretic damping ratio, β s , are considered constant with depth, whereas shear modulus G s (z) is assumed to increase according to the generalized power law function:
where a = (G so / G sd ) 1/n and n are dimensionless inhomogeneity factors, G so being the shear modulus at ground surface (z = 0) and G sd referring to the shear modulus at the depth of one pile diameter (z = d). For values of the inhomogeneity factor n close to zero or G so / G sd ratio close to 1, Eq. 1 describes a homogeneous medium (i.e. G so = G sd ), whereas for n = 1 a Gibson-type soil is modeled having either zero or finite stiffness at the free surface depending on the value of parameter a. The pile-soil system is subjected to harmonic S-waves having different frequencies propagating in the soil mass.
Static behavior

One-dimensional soil reponse
Under constant ground acceleration (a s ), equilibrium of an one-dimensional soil column with constant mass density ρ s and variable shear modulus, G(z), is described by the differential equation:
Upon integrating twice and imposing the boundary conditions of zero shear stress at soil surface [(0) = 0] and zero soil displacements at the base [u s (H) = 0], soil lateral displacement is obtained as:
The solution in terms of soil shear strain and soil curvature is expressed by:
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Effective soil curvature (1/R) s,eff as a measure of pile-head curvature
Towards the definition of a physically-based interaction factor to be applied in any subsoil condition, one could think that pile-head curvature (1/R) p should depend on the whole distribution of free-field deformations along the pile (Fig. 2) . Hence, in this study the notion of an effective soil curvature (1/R) s,eff is introduced as:
where z eff stands for an effective depth of soil contributing to kinematic pile-head bending and γ s (z eff ) is the corresponding shear strain of soil computed at z = z eff by means of Eq. 4. (1/R) s,eff in Eq. 6 may be viewed as an average soil curvature along z eff which has a finite value and reflects the physics of the phenomenon (Fig. 2) . The ratio of pile-head curvature to effective soil curvature [(1/R) p / (1/R) s,eff ] is employed herein to describe pile-head kinematic bending in inhomogeneous soils. The effective depth z eff introduced in Eq. 6 may be derived by considering that the effective portion of soil controlling pile head bending is proportional to a characteristic wavelength of the pile-soil system. To this end, an average wavenumber μ may be introduced as (Mylonakis 1995) :
where the active pile length L a may be taken equal to 10 pile diameters, as a first approximation, for typical values of pile-to-soil stiffness ratio, based on the corresponding expression proposed by Randolph (1981) , andzis the well-known (static) Winkler wavenumber. By considering μ and λ as real-valued functions implying low-frequency loading and assuming that the Winkler springs modulus k x (z) varies with depth with the same law as soil Young's modulus E s (z) does, the solution of the integral in Eq. 7 may be expressed as:
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Active pile length and design formula
Active pile length L a is defined in this study as the length beyond which a further increase in pile length does not exert any significant effect on pile-head bending. A set of finite element analyses was performed to derive a simple expression of L a that may be readily employed in design procedures. For this reason, a cylindrical pile of increasing length embedded in the inhomogeneous soil under study was employed.
(1/R) p /(1/R) s,eff ratios are plotted in Fig. 4a against the dimensionless pile length μL. It is observed that for μL larger than 2.5, the curves converge leading to (1/R) p /(1/R) s,eff ratios equal to 1. The above value may be interpreted as an active dimensionless pile length, leading directly to a simple expression for L a : a L = 2.5 μ
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Upon combining Eqs 1, 4, 6, 9 and 10, the following design formula for kinematic pile-head bending is obtained:
The above expressions imply that the effective depth z eff has the following properties: (a) it is half of the active pile length; (b) the soil shear modulus G(z eff ) represents the stiffness of an equivalent homogeneous soil that leads to equal kinematic pile-head bending as in the inhomogeneous case. With reference to short piles (i.e. μL < 2.5), Fig. 4a allows also a simple expression for the kinematic head curvature to be employed for practical purposes:
(1/R) = 0.3 μL
(1/R) dyn. /(1/R) st ratios for the complete set of inhomogeneous soils under investigation are plotted in Fig. 5b against a eff. . The evident similarity of the curves indicates that kinematic pile-head moments in inhomogeneous soil are essentially governed by the single dimensionless frequency parameter given in Eq. 15. Approximate mean and upper-bound curves are also suggested as a useful manner to determine dynamic effects in kinematic pile-head bending.
Application example
The case of a fixed-head solid cylindrical concrete pile embedded in normally-consolidated clay is employed as an application example of the proposed analysis. The pile has diameter d = 0.8 m and Young's modulus E p = 30 GPa. The evaluation of kinematic demand is performed under the conservative assumption of low frequency excitation. Soil shear modulus varies linearly with depth according to the law G(z) = 500 + 1500 z, where G(z) is expressed in kPa and z in meters, corresponding to a = 0.6 and n = 1 in Eq. 1. Shear modulus G sd at a depth of one pile diameter is, therefore, equal to 1700 kPa. Poisson coefficient and mass density were set at 0.5 and 1.8 Mg/m 3 , respectively, corresponding to undrained conditions. The design acceleration at soil surface is a s = 0.3g; g being the acceleration of gravity. Under the reasonable assumption δ = 2, the avearge wavenumber μ is obtained from Eq. 8 as:
